Divisors of Bernoulli sums 



Michel Weber 



Abstract: Let Bn = bi + . . . + b^, n > 1 where 61, 62) • • • are in- 
dependent Bernoulh random variables. In relation with the divisor 
problem, we evaluate the almost sure asymptotic order of the sums 
En^ideM^n), where deM^n) = #{deV,d< n^:d\Bn} and V is 
a sequence of positive integers. 

1. Introduction and main results 

We begin with discussing a simple problem. Let d{n) = ^{y : y\n} be the divisor function, 
and consider also the prime divisor function uj{n) = prime : p\n}. Let /3 = {f3i,i > 1} be 
a Bernoulli sequence and denote Bn = /3i + ... + /?„, n = 1,2,... the sequence of associated 
partial sums. Let {Q,A,P) be the underlying basic probability space. It is natural to consider 
the sequence of sums 

N 



J2d{Bn), N = l,2, 



n=l 



and ask for which nondecreasing functions (optimal if possible) $1, $2 : N ^ R+, the following 
almost sure asymptotic behavior can be established: 



N 



Y,d{Bn)=- ^i{N) + 0{^2{N)). (1.1) 



n=l 



A similar question can naturally be raised relatively to the prime divisor function u>{n). Before 
giving an arithmetical motivation for studying this problem, we would like to begin with a first 
necessary comment. A result of this sort cannot be obtained from the knewledge of the similar 
known result for the deterministic sums: 



N 



Y,din) = MN) + 0{MN)). (1.2) 

n=l 

Indeed, the two sums "^^=1 d{Bn) and 'Ylin=i d{n) are different, the first contains terms which 
appear with some multiplicity, the order of this one can be bounded by clogn, n large, almost 
surely. And the natural idea to use the law of the iterated logarithm (Ve > 0) 

\Bn — — I < v (1 + £:)nloglogn n ultimately, almost surely. (1-3) 

in order to exploit (1.2) will give a less precise result than the one expected in (1.1). The law of 
the iterated logarithm in (1.3) involves intervals of integers of the type [m, m + C\Jm log log mj. 
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The study of the size of the divisor function d{n) for n varying in intervals of this type or 
[m,m + C-y/m], is usually known as the model of small intervals. Here the problem considered 
involves another (probabilistic) model, the one generated by the complete Bernoulli random 
walk; and so relies upon the study of the asymptotic evolution of the system 

{d{Bn),n>l}. 

We are thus led to a probabilistic question and the first natural object of investigation should 
consist of making a complete second order theory of the above system, more precisely, a study 
of the correlation 

E d{Br,)d{Bm) - E d(5„)E d{Bm) m>n, (1.4) 
and preliminarily of (denoting x the indicator function) 

E x{d\Bn)x{S\Bm) - P{d\Bn}P{6\Br^} m > n. (1.5) 

Such a study turns up to depend, via the use of characteristic functions, on a careful analysis on 
the circle of some naturally related cosine sums. 

An arithmetical motivation to the study of (1.1) can be easily provided. Unlike to what 
happens for the sum X^^^^ '^(n), where very accurate estimations of the order of magnitude are 
known, the similar problem for the sum d{n) contains a yet unsolved and certainly quite 

hard conjecture. For the comments we shall now make, we refer to the paper [IM] of Iwaniec 
and Mozzochi. More precisely, let 

D{x)= ^ d{n), A{x) = D{x) - xlogx - {2^ - l)x, (1.6) 

l<n<x 

where 7 is Euler's constant, and let be the smallest value of such that A{x) <C x^~^^. It 
is conjectured since the papers of Hardy (1916) and Ingham (1940) that = 1/4- The best 
known result is (see the quoted paper) 6 = 7/22 « 0, 31181818 . . . The study of the correlation 
problem described before should allow to obtain as corollary, via a suitable form of Gal-Koksma's 
Theorems, a result of the type 

^ d(5„) Ed(S„) + a(( E Ed(B„))'/'+^). (1.7) 

l<n<x l<n<x l<n<x 

Similarly the study of the quadruple correlation 

E {d{B^) - E d(5„)) {d{Bm) - E d{Bm)) {d{Bp) - E d{Bp)) {d{B^) - E d{B^)) (1.8) 
would provide by means of the same convergence criteria a result of the type: 

rf(5n) =• Y Ed(5„) + C?e(( Ed(5„))'/'+^). (1.9) 

l<n<x l<n<x l<n<x 

That the above could be derived from (1.8) is already a remarkable fact; and it is clear from the 
very form of this result, also in the light of the Dirichlet conjecture, that it would be of consid- 
erable interest in succeeding to prove (1.9). Even a weaker form of it involving the truncated 
divisor function do{m) = =f^{y < mP :y|m}, {9 < 1/2) would be also remarkable. In this paper, 
we explore the correlation problem of order two (thus related to (1.4), (1.5)) and obtain almost 
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sure results towards (1.1). Consider as well divisor functions defined with respect to a prescribed 
set V of integers. Define 

dv{n) = de^vin) = ^ l{d\n}- (1-10) 



The order of magnitude of this generalized divisor function (with 6 = 1/2) was examined in 
[We4] with the help of a randomization argument (see related works in [BW], [Wel-4]). Let also 
rj > 0. For divisors related to Bernoulli sums we put similarly 



V de-D 



{d\B„}- 



The main purpose of the present study will consist of establishing limit theorems for the 
sums 

N 

Y^deABn), Yld^,-D{Bn) (1.11) 

n=l n<N 

where is an increasing sequence of positive integers. The difficult case is = N and our 
results will be then less precise than in the subsequence case. When M = {ffe, A: > 1} satisfies 
for some p > the growth condition 

i^k+i -i^k> Cv^, k>l. (Qp) 

the second sum in (1.11) is controlable for rj < rjp, where rjp depends on p only, no matter T> 
is. When A/" = N, restrictions on the range of arise. Naturally these estimates rely upon T> 
and M. More precisely we show that these sums are almost surely asymptotically comparable 
to their respective (computable) means 

N 

J2 E d0,v (Bn), ^ E dr,,!) (Bn) 

n=l n<N 

and give an already sharp (although not optimal) estimate of the approximation rate. In the 
above case by using (1.16) next (1.17) below, we get 

M^,Ar,i>(iV) := ^Ed^,i,(S„)= ^ + ^(^)- (^-^2) 

And 

Me,'D{N):=Y^de,'D{B^)= Y ^{dl^n} = Y ^ + ^^'^^^ 

n<N n<N,d<n^ n<N , d<n^ 

del) deT> 

Before stating the results we shall first comment more on correlation problem. This is a 
central question in the paper and section 2 is entirely devoted to its study. The crucial point 
concerns the obtention of sharp estimates for the correlation function 

A((d,n),((^,m)) =P{d|5„, 5|5„}-P{d|5„}P{5|5„}, 
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and also for the probability 

P{d\B„,6\B^}. 

There are two cases of very different nature and unequal difficulty: the weakly dependent case 
(n + n*^ < m) which is relatively easy to treat, and the dependent case (n < m < n + n"^). Here c 
is some very small positive real. In the weakly dependent case, there is a constant C depending 
on c such that for all rj sufficiently small and n large enough (see (3.3)) 



r (g„( iog(m-n) xi/c ifn + n^<m<2n, 

sup I A((d, n), ((5, m)j I < < 

\ Cn(^)i/2^(i^^J^)i/2 if m > 2n. 



d< 

The dependent case is the difficult case and the only way we found, after having tried others, 
to bound efficiently A(((i, n), {5, m)) was, to start with A(((i, n), {5, m)) < P{d\Bn , (5|i?m}) next 
to compare P{(i|B„, 6\Bm} with P{d(5|5„5m}, and estimate the probability P\^D\BnBm} ■ 
This is, however, not a simple task and involves truly number theoritical arguments. Exponentials 
of second order arise (in (2.28)) for which we used Sarkosy's estimate (Lemma 2.13). And the 
multiplicative functions Pk{D) = #{l <r<D: D|r^ + A;r}, k < m — n, play a central role when 
n becomes large. As a consequence of a sharper result (Proposition 2.10) , we show in section 2 
that 

P{d|S„ , 5\B^} < C{m - n)—— + C^^^ . 

do y/n 

Although we are convinced that this bound is quite sharp, we are less sure that it fully describes 
what happens for A((d, n), (5, m)) in the dependent range (ra, n + vf^), and must say that we 
have no alternative clue at the present time. 

We can now state our main results 
Theorem 1.1. Let < 9 < 1/6. Then for any e > 0, 

N 

doABn) =■ Me,T>{N) + a(M;5+^(iV)). 



n=l 



Theorem 1.2. Let M he satisfying the growth condition {Qp) for some p > 0. Put Mpf 
J2 "<'^ log^ ^- Then there exists rjp depending on p only, such that for ij < r]p 



J2 driABn) =■ M^j^^Ty{N) + Oe (m^^' log^/'+" M^) . 



And if J\f grows at most polynomially, then for some constant bo, 

J2 dvABn) =• M^,Ar,i>(Ar) + Oe(M^,Ar,i>(A^)'/'(logM^,Ar,i>(A^))'°^'). 



n<N 



Prom the proof given in section 4 follows that ho > 7/2 suffices, but this value is certainly far 
from being optimal. Getting an optimal rate of approximation appears as a certainly difficult 
and quite challenging question. It is also clear from the proofs of the results, we shall give in 



the next sections, that the error term is however improvable under additional conditions on the 
sequence V. Relevant conditions are for instance of the type 

(a) #{Vr\[l,N]} = 0{N^) or (6) #{P n [1, iV]} = ©(log" iV), (C) 

for some 0<r<lor?7>0. But this aspect of the problem is not considered in the present 
study. 

For proving these results, our essential task will be to bound efficiently the increments 

E ( Z^i<n<j ^n) , where = Y.d<n'^,dev {'^{d\B„} - P{d|-B„}) , and it is clear that it suffices to 
bound A instead of its absolute vahic. Some already existing results on the value distribution of 
Bernoulli sums will be incorporated into the proofs. We briefly recall them. Consider the elliptic 
Theta function 

In [We3] (Theorem II), the following uniform estimate is established: 



sup 

2<d<n 



P{d\B^} - = 0((logn)S/2n-3/2). (1.14) 



Here and throughout the whole paper, C will denote some absolute constant, which may change 
of value at each occurence. It is easily seen that 



2 

&{d,n) 1. ) f^"^ ^id<^, 



if ^/n < d < n. 



Therefore 



T I cf(logn)5/2n-3/2 + ig-^) ifd<VH, 
\P{d\Br,}-^\<{ ^ ^ (1.15) 

^ if < d < n. 



Further for any a > 



sup |P{d|5„} - -I =0,(n-«+^), (V£>0). (1.16) 



and for any < p < 1, 



sup \P{d\B^} -h=0,{e-^^-'>''), (VO<e<l). (1.17) 

d<(7r/V2)n(i-f)/2 " 

Estimate (1.17) exhibits a dramatic variation of the uniform speed of convergence of P{ci|i3„| 
to its limit 1/d, when switching from the case d < n^/^ to the case d < n^, 9 < 1/2. It follows 
that lim„^oo P{<^|-Sn} = 1/d, and 

\P\d\BA --A <C-, i^2<d<^/n. (1.18) 

' ^ ^ d' n 



In particular 

sup dP{d\Br,} < C. (1.19) 

2<d<v/n 

2. Second order theory of (I(d|B„) ~P(d|Bn))n 

Our starting point is the formula u5u\Br, = Yl^=o e'^^^i^", from which we deduce after integration 

1 U—l ^ U—1 o,Vni , 1 1 U—1 



Thereby 

d-15-l . , 

P{d|5„}P{5|fi„} = ^ E E cos" ^ cos"- ^. (2.2) 

Let m> n. Similarly 

d-15-l ^ d-16-1 



P{d\Bn,6\B^} = 1e{EE^'"^*''"^*''"'^} = ^EEe^'"^*^*^''''^^'"*''" 

j=0 h=0 j=0 h=0 

d-15-1 . , , 

i- y y e^'^(S+*)" cos" 7r(^ + ^)e*-*(--") cos'""" vr^ 



j=0 h=0 

= J_ y y e-(4n+*-) cos" 7r(^ + ^) cos™-" tt^ 
= 1 y y e-(^"+*-) cos" 7r(^ + ^) cos—" tt^ 

(5-1 d-l 

+ — f y e'"*"^ COS™ TT^ + y e*"*" cos" tt^ 

h=0 j=l 

= J_ y y e-(i-+t-) cos" 7t{{ + h COS™-" TT^ 
j=i h=i 

P{S\Bm} P{d|^n} 1 

Therefore 
P{d|S„, 

= i_ y eMin+^m) ^^^n + ^ ^^^^-n h ^ P{SjB^ ^ F{d]B^ _ 1 

(i§ A^A^ "-d 5 6 d 6 dS 

And 



A((d,n),(5,m))=-EE«''^^^"^^"^^^o«"^""^^{«««"^(^+5^ - si 

j=0 h=0 

= ^yy e-(^"+T-) COS™-" TT^ I cos" 7r(:^ + ^ ) - cos" ^ cos" ^1. 
dd 6 1 d 5 d 6 ) 

(2.4) 



j=i h=i 



Here the summands with j = or /i = do not contribute. 

2.1. Reductions via symmetries 

We begin with the probabiUty 



P{^|Sn} = 



1^ ■ e Tvi 



u i — ' u 



If u is odd, say u = 2r + 1, and r + 1 < £ <2r, write £ = 2r — \. Then < A < r — 1 and 

i 2r-X A + 1 I 

1 := 1 and 1< l< r. 



u 2r + 1 2r + 1 u 



Further 



Thus 



ei^< cos" — = e''^"-*'^"^ cos"(7r - tt-) = e"^^"^ cos" tt-. 
P{ti|S„} = - y e*'^"^ cos" — = - + - y cos(7rn-)cos"— . (2.5) 

\£\<u/2 l<£<u/2 

— If « is even: u = 2r, then i varies between 1 and r — 1, next between r + 1 and 2r — 1 with 
a median value i = r. For this indice, we have cos" ^ = cos" |^ = cos" f = 0, and there is no 
contribution. If r + 1 < £ < 2r - 1, write £ = 2r - 1 - 6. Then < 6 < r - 2 and 

^2r -1-6, 6+1 I 

- = = 1 with l<l<r-l. 

u 2r 2r u 

Thus e*'^"^ cos" — = e*'^"~*'^"i cos"(7r — tt-) = e"*'^"" cos" tt-, and here again we have (2.5). 

Now, we pass to the probability P{d\Bn , S\Bm}- Here also we operate reductions allowing 
to work in the first quadrant only. This is quite similar to the above. By (2.3), P[d\Bn , S\Bm} = 
* + ^, where 

* = ({, ">)) = ^ E E e"»"+i'"> cos" f (| + ^) cos""- w-^, 

*=*((c^,„).(^.™))=^4p+^^-^■ 

We shall thus be mainly concerned with the sum 

— If 5 is odd, say 5 = 2q + 1, and q + I < h < 2q, write h = 2q — b. Then < b < q — 1 and 

h 2q-b b + 1 6 

- = — - = 1 - := 1 - T and 1< /? < g. 

S 2q+l 2q + l 6 -r - i 

The corresponding summand writes 



do 



do 



Thus 

* = 1 y / y e'^^i^+i^^ cos" TT^ cos" 7r(^ + ^)+ 
j=i L h=i 

-1 



h=—q 

d-1 



^ 5 ^d 



= i_ y y e-(>+*-) cos— TT^ cos" 7r(^ + 

i=i i<|/i|<5/2 

— If 5 is even: S = 2q, then h varies between 1 and q — 1, next between q + 1 and 2q — 1 with 
a median value h = q. In the latter case, we have cos™~" ^ = cos"^~" = cos"*"" f = 0, 
and there is no contribution of this indice. Ifg + l</i<2g— 1, write h = 2q — 1 — b. Then 
< 6 < g - 2 and 

h 2q-\-h 6 + 1/3 

1 = ^^ = '-^^='-^ l</3<^-l. 
The corresponding summand writes exactly as before: 
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^i^m^Min-^m) gos^-n (^^ _ ^OS" (tT + 7r(^ - |)) 

do 



and we have 



+ y e-(H»+*-)cos— !!^^cos"7r(^ + ^)l 

h=-{q-l) ) 
= J_ y y e-(4n+*-) ^ogm-n ^Qgn ^(^1 ^ 

d^ ^ ^ S ^d 

J = l l<|^i|<5/2 

A similar remark can be made concerning the subsum Yl'jZi- We display this point again to 
make the proof transparent. 

— If d is odd: d = 2p + 1, and j is between p + 1 and 2p, write j = 2p — b, 0<b<p — 1. 
Then 

j 2p-b 6 + 1 B 

^ = — = 1 — := 1 - ^ and 1< f3 < p. 

d 2p+l 2p + l d -y -y 

The corresponding summand writes 

e-"e-(-^+^) cos— ^ cos"(7r + 7r(-^ + ^)) = e^^-^+'T) cos" ^ cos" 7r(-^ + 

do odd 

And 

* = i_ y / y e-(^"+t-) cos—" TT^ cos" TTi^- + ^) 
l<\h\<5/2 K j=l 



+ y e-(-^+^)cos— " ^cos"7r(-^ + ^) 

do 



-J. y y e-(^"+^-)cos— "7r^cos"7r(^ + ^). (2.7) 
dS ^ ^ S ^d 6^ ^ ^ 

l<\h\<5/2 l<\j\<d/2 



— If d is even: d = 2p, we distinguish between l<j<p — I, p + l<j<2p— 1 and the 
median value j = p, which this time contributes to the sum. When p + 1 < j < 2p — 1, write 
j = 2p-b-l, 0<b<p-2. Then 

j 2p-b-l , b+1 B 

Thus the corresponding summand writes exactly as in the previous case 

e*'"'. ^^^^cos™ — cos"7r(-^ + -), 
do 

and 

* = E I E e^^^^-^*") cos™-'^ 4 cos" 7r(^ + ^) 

dd \ 5 ^d 5' 

l<\h\<5/2 K j=l 

d 5' 



+ '^e-(-^+^)cos— ^cos"7r(-^ + ^) 



= i- y y e^'^(>+*-)cos--"7r^cos"7r(:^ + ^) 
d5 ^ 5 ^d 5' 

l<\h\<S/2 l<|i|<d/2 



+J_ y e^-(t+^)cos— ^.cos-(^ + ^). 
d5 ^ 5 2 5 

l<|/i|<<5/2 



We therefore get 



*=4? E E e*'^(^"+^"^)cos"*-"7r^cos"7r(:( + ^) + r, (2i 

l<\h\<S/2 l<\j\<d/2 

where 

if d is odd 

1 y gMf+^)cos— "^.cos"(; + ^) if d is even. 
d5 ^ 5 ^2 5' 

l<\h\<5/2 



{21 



Finally as P{d\Bn , 5\Bm} = * + we obtained 
First reduced form: 



P{d\Br,,5\Bm} = ^ cos(^n+^m)cos— "7r^cos"7r(^ + ^) 

l<|/i|<<5/2 l<|j|<d/2 ^2.9) 

d (5 d5' 

Consequently we have to estimate four sums of type 

^^'^ = 1^ E e^''^''^"+^*"'^cos"*""7r^cos"7r(r/^+£|), (2.10) 

UU (J (Jj (J 

l<j<d/2 
l<h<5/2 



where e,r] e {— 1,+1}. Turning to A we observe that 



^ = * - ^ E E e'''^i^+'^^^ cos™ TT^ cos" ^ = * - (P{rf|S„} - ^) {P{S\B^} - J) • (2.11) 
j=i h=i 



Since 



(P{d|S4 - i) {P{S\B^} - ^) = ^ E E e^-(l"+f-) cos- TT^ cos" ^ 

.7 = 1 '^=1 

^ 1 y e-("^+-^)cos"^cos-^, 

l<|h|<«/2 
l<|j|<d/2 



we get 

Second reduced form: 



A((d,n),(5,m)) = 4 y e^"(*"+*'")cos'"-"7r^|cos"7r(^ + ^)-cos"^cos"^)+r. 

i<|ji|<a/2 

l<|j|<ci/2 

(2.12) 

2.2. The weakly dependent case (m > n + n*^) 

In what fohows c g]0, 1[ is some fixed smah real. We are indeed interested in results valid for c 
arbitrary small. By (2.11) we know that 

A = * - {nd\Bn} - \) {n5\Bm} - \) , 

where the sum "if = *((ci, n), {S,m)) is defined in (2.6). Fix also some reals a, a', depending on 
c, such that a > a' > max(3/2, 1/c). We shall consider two subcases. 

Case: n + n*^ < m < 2n. 

We shall first establish the following 

Proposition 2.1. There exist constants C and no depending on c, such that for n > hq and 

n + n'^ <m <2n 

|*(W„).(*,,„))|<cL(!2I&l^)'/« + ^ ^ 

I 0<Z3.<2(^"'°8('"-'-'))l/2 ) 

Q< vrh ^, 2a log(m-Tt) ,1/2 

m—n \l/2 



In particular, i/max(d, (5) < 2 ^20; ^ iog(m-ra) ) ' have the simpler bound 

\^{{d,n),{S,m))\ < Cn(- 



,log(m--n) 



m — n 
10 



The second assertion simply follows from the fact that the sum in the righthand side dis- 
appears. The proof of the above proposition will result from three lemmas. By (2.10), the sum 
* = n), ((5, m)) is a sum of four subsums, which are all of the type 

*e« = i y e^'^(''^"+^*-)cos"^-»7r^cos"7r(7?^ + e^), 
do ^-^ ad 

l<J<d/2 
l<h<S/2 

where e, G {—1, +1}. We shall therefore estimate the sums ^£,n which, in what follows we will 
simply write when no confusion. 

Put for any integer v > 1 

^ 2a log 1/2 

^. = (^^) , ^^ = ^^- (2-13) 
Let no be sufficiently large so that for m — n > no, 

Tm-n > {a'/ay/\ (2.14) 

We distinguish between three cases: 

_ ( 2«log(m-n) -|l/2 < 2^ < ^/2. 

— (II) < 4 < ( 2"i°g('»-") )V2 and < 2i < 2( 2"iog("^-") )V2_ 

— (Ill) < ^ < (2alog(m^xl/2 / 2a log(m-n) N 1/2 ^ ^ ^ , 

Case I. Put 

*i:=-^ y y e-(^'^+^-)cos— "4cos"7r(^ + ^). 

Lemma 2.2. There exist constants C and no depending on c such that for m, n such that 
m — n> Uq, 

|*i| <{m- n)~°-' . 

Proof. As I cos ^1 < cos (prri-n J wc get since logu < u — 1, u > 0: for m — n large enough, say 
m — n>no (so that 2sin^((^TO_„/2) < 1) 

I gOg <; cos"^~"' n = e*-'"~"-"°^*-"'^~^ ^'"^ '•'^'"^"/^^ ) < g-2(m-n) sin^(ip,„_„/2) 

^ — m n — 

But 

2/ / \2 2 a'(m — n) logm — n , 

2(m - n) sm (99^_„/2) = 2(m - n)[ipm-n^) r^-n > = " logm - n. 

m — n 

Hence, 

1<^-<| (2°'°s(^-"))l/2<2^<^/2 



COSTT-r-" 



< ^ 5^ cos"* " 

<cos'"-"(^„_„<(m-n)-«'. 
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Case II. Let 

dS ^ 5 ^ d 6^ 

r,^ IT 3 ^of '"gt'"-") -11/2 Q^7rh^/ 2alog(m-n) -.]^/2 

We shall prove 

Lemma 2.3. There exist constants C and no depending on c only such that for miyi{m — n, n) > 
no 

m — n dd ^ 

^ -^3 ^2f '°g("t-") ^l/2 

d — m—n ' 

n< TTfe ^( ^" log(m-7i) .1/2 

The estimate only makes sense \im> n + rf. 

Proof. Using Mac-Laurin formula, for any positive integer p there exists a polynomial Qp{x) = 
Ss=i ^s^^*' with oi = —1/2, 02 = —1/12,... and constants Xp,Cp depending on p only, such 
that for \x\ < Xp, 

I logcosx — (5p(a;)| < Cp\x\'^^, 

and 

\Qp{x) + x'^/2\ < Cp\x\^. 

Hence, for |x| < Xp, 

Qp{x) < —x^/3, 

provided that Xp is sufficiently small, which we do assume from now on. We select a integer p 
so that 

c>^—. (2.15) 
p+1 ^ ' 

Put E{x) = eQf(^). We shall compare the subsum *2 with 



1 

dS 



h 



^-^ ^-^ do 

Q ^ vrj ^" log(Trt-7i) -.1/2 g - nh ^/ 2a log(m-n) -.1/2 



By using the elementary inequality: |e" — e''| < |n — ■u| for u,v <0, we observe that 



cos 



" X - e"'5p(^)| < n\ log cos X - Qp{x) \ < Cpn\x\^^, 



for I a; I <Xp. We have 7r|^ + ^| < a;p once m — n is large enough. Thus 



cos 



d 



d 6 



And so 
1 

d6 



do do) 



rjj eh , 



< 2^ < 2 ( ) 1 / 2 

a — ^ m—n ' 
0< ■^'^ 2a log(m-n) 1/2 
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< 2^ < 2 ( ) 1 / 2 

Trh ^[- 20 log(m-n) ,1/2 

Therefore 

l*2-*'.|<Cn(i^^|^)^+\ (2.16) 

Further since E{x) < 1"^ for |x| < Xp, we may also simply bound for n large enough as 
follows 

d — m — n ' 

It is clear that these sums are bounded by 



, Trh ^ f 2a log(m-n) 1/2 



1 ^ e-3"(S-t)^ (2.18) 



d(5 



0<ZJ <2(^"'°g('"~"))l/2 
tt/i 2a log(m-n) .1/2 



With estimates (2.16), (2.17) and (2.18), we therefore get 

|^2|<cjn( ^°g^"^-"^ )^+^ + l V e-3"(^-t)^|. 

I m — n do , I 



0<ZL2<2(^°'°«("'-"))l/2 

d — ^ m — n ' 

Q^TTh ^( 2q log(7n-n) 1/2 



With chosen accordingly with (2.15), we have )^"'"^ < )^^^; so that if n is 

sufficiently large, say n> no where no depends on c, a and m > n + n'^, we get 

|*.|<c|n(i^^(m-n))Ve+ 1 e'^-^^*)^ 
I m — n do 



Q ; TTJ ^2r ^" log(m-7i) .1/2 

d — m—n ' 

0< TTh ^, 2a log(m-Tt) , 1/2 
d — ^ m—n ' 

This establishes the lemma. 
Case III. Let 

do ^-^ do 

2(^°'°g('"-"))l/2<Zf <„/2 
m — n — a — 

0^ irh ^, 2a log(m-n) 1/2 



Lemma 2.4. There exists constants C and no depending on c such that for n > no and 
n + no <m <2n 

|*3|<C L^.logm-n 

(m — n)" m — n 

It is in this part that it is necessary to introduce the restriction m < 2n. 

Proof. Here we have 
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.2alog(m - n).i/2 ^ J .h tt .2alog(m - n). 1/2 
^ m-n ) -^^d^^^-2+( m-n " 

Thus, as soon as m — n is large enough, which is reahzed if no is large enough, we have (as 
in case I) the bound |cos7r(| ± |)| < cosipm-n- And we get |cos7r(^ ± |)|" < cos^ ipm-n < 
g-2nsin^(v3™,-„/2) siuce m < 2n wc have n > m — n, and so 

2nsin^(¥?m_„/2) = (— — — )2(m - n) sin^((/3m_„/2) > 2(m - n) sin^((/:m_„/2) 

= 2(m-n)((^^_„/2)2r^_„ 

a' (m — n)logm — n 
> = a logm — n. 

m — n 

Therefore cos" ipm-n < (m — n)~" , and we have 

V |cos7r(^±^)r <-— ^ V 1 

dS ^ ' 5^' -d(5(m-n)° ^ 

^ 2alog(m-r.) 1/2^7^^^ 2.^ log(„. - r.) 1/2 ^ ^ ^ ^ 

^ m — n — o — ' ^ m — n ' — a — ' 

TT^i 2« log(m-Tt) ,1/2 0< ■^'^ 2a log(m-rt) .1/2 

< \ , V 1 

Q ^ TTfc ^ <■ 2o! log(m — n) s -| /2 
<5 — m — n -' 

[m — nj" m — n 

as required. ■ 
Now we estimate r defined in (2.8a), when d is even. We have 



7r/i n ■""^ I 

l<|^t|<(5/2 



If ( '°'°5r'^^ )'^'<f <V2, then 



|r|<^ y Icos"*-"^! < d-^(m-n)-«' 

l<|/i|<5/2 



IfO< 2^ < ( 2alog(m-n) Nl/2 ^ 



1 y |,,,nZ^|<^-w2«log(m-n) n/2_ 

d(5 ^ (5 ^ m-n 

l<|/!,|<(5/2 

So that, for n large enough 

|r| < d-^(m-n)-"'. (2.19) 

Proof of Proposition 2.1. Combining Lemmas 2.2, 2.3 and 2.4, finally gives in view of (2.8), 
estimate (1.3), and that a > a' > max(3/2, 1/c): there exist constants C and no such that for 
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n > no, and n + n'^ < m <2n 



\iSf{{d,n),{S,m))\<C{-—-—r+n{ 



1 , ^^log (m-n) ^i/c 



(m — n)"' m — n 

dS ^ , , (m — n)"' m — n 

0<I^<2(^°'°g<"'~"))l/2 

d — m — n ' 

0< 7r/t ^ . 2q: log(m — rt) 1/2 

^ r log(m-n) 1 ^ e-3"(^-*)^l. 

~ 1 m-n ^ (i5 J 

r '^^ ''2f ^" log(m-n) ,1/2 

0< T^t ^( 2e» log(m-rt) , 1/2 
5 — m — n ' 



Remarks. — The condition m > n + n*^ is in turn only used to make the bound in Lemma 
2.3 efficient. 

— By construction, we have the trivial bound |'I'2| < C '"^^"^""** . Combining it with Lemmas 

2.2 and 2.4, we get another estimate: |*| < C ^"^^"^"""^ which is valid as soon as m — n > no, 
m < 2n, no sufficiently large. 

Turning to estimates involving the correlation A, we notice that m <2n implies m — n<n 
and so 

TT . m-n ^1/2 ^ ( n ^^/^ 



-) ^ < 



2\/2a log(m-n) i/2a logn 

If max(d,5) < ^{^Y'^ then by (L16) 

\P{d\B^] - J||P{5|5n} - ^1 < Cn-2«'. 

Combining this with Proposition 2.1, shows in view of (2.11) 
Proposition 2.5. There exist constants no and C suc/t that for any n> no and n+rf < m <2n 

sup |A((d,n),(,5,m))| <Cn(i^^^^^^^)i/^ 



m — n 



Case: m > 2n. 

To treat this case, we have to proceed to little changes, but the method is very similar. We will 
establish the following 

Proposition 2.6. There exist constants C and tiq depending on c such that for n > uq, and 

m >2n 

|*((.,„),(i,™))|<c{„(!5i!i)V-(Mll^)V. + i^ ^ e-3"<l-*>n. 

a — ^ n ' 
n< '^'^ 2a log(m-n) 1/2 
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Let do > then for all n large and m>2n 



log^^l/2c^ log(^-"-) ^l/2 



sup |*((d,n),(5,m))| < Cn(-^)i/2c. 
J, 7, ' ^ ^' n ' ^ m-n ' 

(So 1/2^^ V log-m. 

Before giving the proof, observe by the choice of a, a' that a> a' > max (3/2, (l/2c) - l). 
Next let no be sufficiently large so that for n> uq, 

min (r„, t„_„) > (aVa)^/^ (2.20) 

We distinguish again between three cases: 

_ (2alog(m-n)^l/2 < 2^ < 7^/2. 

— (II) < ^ < (2fii^(z^)i/2 and < ^ < 2(2^lMli)i/2^ 

— (Ill) < ^ < ( 2«'°g(_"^-») )V2 2(2^^)^/2 < < 7r/2. 
Case I. The sum 

*i:=i- y y e-(^"+^™)cos— "4cos-^(4 + $), 

l<j<| (2ai^ilizll))i/2<v^<^/2 

has been already estimated in Lemma 2.2 and we recall that we have l^'il < (m — n)~" . 
Case II. Let 

*2:=:^ y y e'-(''^"+^t-)cos™-"7r^ cos"7^(r?^+4)• 

Q^2i<2f Hiii£SJ> 11/2 nh ^/ 2a log(m-7t) x i /2 

We will establish 

Lemma 2.7. There exist constants C and no depending on c, such that for n> uq and m >2n 

|*2| < cfn(i^)^/^^(i^^^^^)V2 +1 y e-^"(^-*)n. 

V n m — n do ^-^ / 

0<Zy<2( ^°'°S" )l/2 

Q^T^h ^, 2q: log(m-rt) 
(5 — ^ m — n ' 

Proof. We proceed as before except that we select p so that c > 2^q:T ' ^^^^ compare the sum 
^2 with the sum 

y y e^-(^>+^»cos--"7r^£;"(7r(^ + ^)). 

0^ILi<2C2fii2£IlU/2 r. ^ 7r>t 2a! log(Tn-Ti) s , 

(2.21) 

Again we observe that | cos^x — e"'3p(^)| < n| log cos a; — (5p(x)| < C^nlxp*', for |x| < Xp, and 
that for n large enough we have 7r|^ + ^| < Xp. Thus 
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And so 



dd 4^, 5 i ^ d 5' ^ ^ d 5 ^' ) 



0<:^<2(^"'°8")l/2 
n^Th ^1 2c» log(m-7t) ,1/2 



d(5 



0<IL3.<2(^°'°g")l/2 



Therefore 



vrh ^ , 2q log(m-Ti) ,1/2 



As we have 

^logn^,/,^log(m-n)^(,^,/,) ^ (lgg!^)(,+i/2)(log(r^ - ^) )i/2 ^ „^ _ n < n. (2.23) 



n m — n n m — n 



Indeed, the inequahty on the left is equivalently rewritten as > (^^f^)^- Further, 

since E{x) < 1^ for \x\ < Xp, we may again simply bound ^ follows: for n large enough 



dS 

0<:^<2(^°'°8")l/2 
TTh ^, 2c« log(m-Tt) ,1/2 

It is clear that the sum appearing in the righthand side is bounded by 



(2.24) 



J2 e-3"(^-*)' (2.25) 



dS 

0<iy<2(^"'°g")l/^ 
Q , TTh ^, 2c« log(Tra-7i) .1/2 

With estimates (2.22), (2.23), (2.24) and (2.25), we therefore get if m > 2n 

< c('n(i^)(^'+V2)(l^g(!!Lli!))i/2 + 1 y e-'^^i-Tf). 

\ n m — n d6 ^ ) 

0<iLL<2(^"'°g")l/2 
tt/i ^( 2ct log(m-Ti) 1/2 
5 — m — 7\ ' 

As c > 2^pi, it follows that 

^l0g^M/2c/l0g("i-'^)M/2 , 1 



\ n m — n dS ^ / 

0<^<2(^°'°S")l/2 
7r?i ^, 2q: log(m-n) 1/2 

This establishes the lemma. 
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Case III. Let 

2^ 2o! log 71 ^1/2^ -rrj ^-j./2 Q ^ Trfe -^^ 2" log("»-") 1 /2 

Lemma 2.8. 

, ^ , 1 , loe m — n.T 
n"^ m — n 

Proof. Here we have since m — n> n 



TT .2alog(m-n).i/2 /J , 
2 + ( m-n ) -^^^^^^ 

> ^. 2Q!logn _ / 2alog(m-n) .i/2 ^ , 2a log ra 1/2 

Thus, as soon as n is large enough, we have the bound |cos7r(^ it ^)| < cos(^„. And we get 
|cos7r(i ± 1)1" < COS"(^„ = e-2"si'i'(¥'n/2)_ 

2nsm^{iPn/2) > 2nsm'^{ipn/2) = 2n((/?„/2)V^ > — = a'logn. 

n 

Therefore cos" < n~" , and so have 

i- V |cos7r(^±^)|"<-l^ V 1 

2(^^i2£Il)l/2<ZLI<^/2 2(^^i2821)l/2<ZIl<„/2 

^ n ' — d — ' ^ n ' — d — ' 

Q^Tvh 2a log(m-n) 0/2 0< '^'^ ^ , 2q log(m--n-) 1/2 

7r?i ^/ 2« log(m — n) \l /"Z 

< ^ 1 ^ logm-n 1/2 

as claimed. ■ 

Finally r is estimated in exactly the same way in this case too, and we have that estimate 
(2.19) holds again. 

Proof of Proposition 2.6. Combining the previous estimates finally show in view of (2.8), estimate 
(1.3) and since a> a' > max(3/2, (1/c) — 1): there exist constants C and no such that for n > no, 
and m > 2n 



|*((d,n).(4m))| < ci^J-^ + „(!^)V-(Mi:iI^ 

' ^ ' ' \ {m — nj" n m — n 



1 o„ I- J h -,2 1 . log m — n , 1 /9 

do vr m — n 

Q<^< (2^^SIl)l/2 
0^ TTh ^, 2n log(m-n) ,1/2 



<c|n(^)V^-( ^°g^^~"^ )V^ + i, y e-3"(i-f)^l (2.26) 



TTj ^ / 2a log rt , 1 /2 
6 ~ 



n< <( log('"^-^) -.1/2 
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And produces the wished inequahty. Now if d < -^(t^'^V^'^, S < , )^^^, as m < 

2(m — n) we have 

g ^ TT , 2{m-n) .1/2 ^ TT . (m-n) .1/2 

if 60 > V2. In which case, the exponential sum appearing in the righthand side of (2.26) no 
longer contributes. Hence 

sup \^{{d,n),{5,m))\ < Cn(i^)V^^(i^^^^^) V^. (2.27) 



n m — n 



6< / '>Tl 

<5oV^V log 



Remark. — We have the trivial bound |*2 1 < C(i2Sii)i/2(Mz^z!i))i/2. By combining with 
Lemmas 2.6 and 2.8 we also get: |*| < (lg£II)V2( '°gH-») )i/2^ ^l^ich is valid for m>2n> no, 
no sufficiently large. 

Turning to estimates involving the correlation A, we have in view of (1.16) 

\P{d\Bn} - ^\\P{d\Brn} - ^1 < C7n-«'m-«'. 

With (2.26) this now implies 

I*//, /logn, 1 Jog(m — n) , 1 /2 C 
sup \A{id,n),i5,m))\ < Cn^^/^c^^ + 7 

< (7„(i^)l/2c/M^^l:i^xl/2 

~ n m — n 

Proposition 2.9. There exist two constants C and no depending on c, such that for any n> no 
and m > 2n 

sup \A[{d,n),{6,m))\ < Cn(— 2— )^/^'=(— ^)^/^. 



d< 



n m — n 



TT / m ~ 



2.3. The strongly dependent case 

The main object of this section will consist of establishing the following delicate estimate. 
Proposition 2.10. For any e > 0, there exists a constant Cs depending on e only, such that 

P{D\B^B^} - Ci-nPk{D)\ <CA—-) , 
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pL^J ifk = 0, 

p\D 

J] (2p-pW). Yl pL^J ifk>l. 

Vp{k)<Vp{D)/2 Vp{k)>Vp{D)/2 

Further, for any positive integers n, m and D, 

1 2-(^)(m-n) ^ L)i/2+e 
P{D B^Bm} < 7= + J, + Ce^^. 

And, for any e > 0, there exists a constant depending on e only, such that 
P{d|S„ , 5\B^} < C{m - n)-^ + Ce^^ ■ 

The proof of Proposition 2.10 is based on several intermediate results. We begin with 
computing the characteristic function of BnBm- Plainly, writing that BnBm = B^+Bn{Bm—Bn) 
and using independence 

^ m—n n 

^pivB„Bm _ \ ^ fik \ ^ f-ih iv{h? +kh) 

2n2m-n ^m-n /_^^n^ 

fc=0 /i=0 

And so 

-J D — \ ^ m — n ^ D — 1 n 

P{D\B^B^} = E (1 e^^HB.B^^ = _L_ ^ ^ 

j=0 k=0 j=0 h=0 

(2.28) 

We preliminarily evaluate the (C, 1) sums 

h=0 

and win next compare Sn to the Euler (E, 1) sum ^^^^ 2~"C^e^''^i('*^+'^''). We write L = 
ND + m with A?" > and < m < i:*. Then 



/ N-l {X+l)D ND+m\ 
\X=Ox=XD+l x=ND+lJ 



g2i7r-i(x^ + fcx) 



As 



we have 



{X + l)D D 
x=XD+l j/=l 



L ^ L 

y=l y=l 

D D m 

3/=l 1/=1 1/=1 
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Therefore, ior j = 1, . . . , D 

'U=l 11=1 v=l 

(2.29) 

< 1 ^1 ^ g2i7ri(a"+fey) I + I ^ ^2i7Ti{y^+ky) |^ 
y=l j/=l 

Note that iit = (j,D) > 1, estimate (2.29) can be improved by using the same arguments. Let 

j = tf, D = W. Then ^^^^^e2^'^*(^' = ±,YlyLie^"^^^^'"''^\ and writing L under 
the form L = N' D' + m' with < m' < D' , we get similarly 



1 1 / / 

2/=l i/=l 

~ L m'=l ' ^ 
y=l 



(2.30) 



When L — n, this shows that 

1 " 1 ^ 1 

i^g2i7ri(/iHfcft) ^ _L^g2i7r-i(j/=^+fcj/) ^2.31) 
/i=0 y=l ^ 

Although (E,l) does not includes (C,l) (see [H] Chap. 8) in general, the latter estimate will 
imply this, thanks to the result below. 

Lemma 2.11. ([H] Theorem 149, p. 213) Let A = {An,n > 1} be a sequence of reals such that 

n 

Then A is summable (E , q) for any positive q. 

The conclusion of the lemma is wrong when replacing o by C> (see also [H]). 
Let 

Pk{D) = #{l<y<D: D\y'' + ky}, A; = 0, 1, . . . , m - n. 



Corollary 2.12. We have for each k 

D-l n 



1 ^ ^ 



Pk{D) 



n— >oo D D 
j=0 h=0 

Proof. In view of (2.29), the assumption of lemma 2.15 is fulfilled. Thus, by considering sepa- 
rately imaginary and real parts, the lemma applied with q = 1 implies for j = 1, . . . , D that 

n D 

lim ^2-"C^e^*''* = — ^ e2*''*(2''+*=^). 

h=0 ^ y=l 
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Henceforth 



D-l n D-1 D 

lini — V V2-"CV*''* = — V Ve2^''*(^'+'=^) 

n^oo " D1 



j=0 h=0 j=Q y=l 

It remains to observe that 



J) J) ■ 



(2.32) 



3=0 y=l 



We shall now give a uniform estimate of the speed of convergence in the above limit. For, 

we use the simple bound of the difference between the sum (E,l) by the Euler method and the 
sum (C,l) by the Cesaro method. By linearity, it is enough to get a bound for the STun (E,l) 
alone. Let {ak, A; > 0} be an arbitrary sequence of reals and put Ai = ^^^q flfc, ^ > 0. 

Then there exists an absolute constant C such that for every positive integer n 

n „ 
I ^2-"C%| < ^maxjyl^l, (2.33) 

h=0 ~° 

This is easily seen by using Abel summation: put 

n n 

En = ^2-^C';iah = ^Vhah, 

h=0 h=0 

where = Vh{n) = 2~"^C^, h = 0, . . . ,n. According to Theorem 138(1) p. 201 in [H] (see also 
p. 214), the supremum is reached at the value 

^^ = [^4^] and (2-34) 

where C is an absolute constant. If is integer, then v,y-i and v^, are equal. Besides, 

Vk decreases on either side oi k = u. Splitting the sum into the two subsums E\ = 
Yjk=o Vk^k, El = J2k=iy+i ""kC-k, and since Ui = Ai - Ai_i, ao = ^o, we get in the one hand 

El = voao + '^Vk{Ak - Ak-i) = -{Ao{vi -vo) + Ai{v2-vi) + . . . + A^-i{v^ - v^-i)} +VuA^. 

k=l 

Thus 

V max I A-rn I • 
m=0 ^— ' m=0 
m=l 

And in the other 

n 

= ^ Vk^^k - ^fc-l) = -V^+iA^ + A^+i{v^+i - + • ■ ■ + A„_i{Vn-l - Vn) + VnA„. 

k=v+l 
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Hence 

n-l 

< max|^^|{u^+i + (v„ - + v„} < 2wj.+i max 

m=fc'+l 

We have thus established (2.33). 

Now let < j < D - 1. Let also 0<k<m-n. We apply (2.33) with the choice 



y=l 

If j = 0, then Oft = and there is nothing to prove. If < j < — 1, we find in view of (2.30) 
that 

D 



h=0 ^ y=i 

n ^ D 

< nTax I y (^gS^^iC^^^+fch) _ 1 y g2..i(,^+M) I 

^ /i=0 y=l 

= max I y e^i-i^^'+kh) _ ly ^2^.My'+ky) I < 2-^ nfax I V e^-^ 
Vn ^=0 ' ^ D ^ ' ~ -v/n m'=i ' ^ 



^ (r+Mi 

(2.35) 

where C is the same absolute constant as in (2.33) and the used notation arises from (2.30): if 
t = (j, D) > 1, then j = tf , D = tD' , n = N'D' + m' with 1 < m' < D' . 

Now we need the following lemma: 

Lemma 2.13. Let a he a real number and a,q be positive integers such that {a,q) = 1 and 
\a — a/q\ < l/q^ ■ Then, for any positive integer M 

M M-l , min(M,M-u) ^ _ 2 



^g2iW|2^ I e^ivrauy <49| + (M log g) + g log g} . 

x=l u=l-M y=max(l-«,l) ^ 



This follows from Lemma 4 p. 128 in [S] and its proof. The last inequality is precisely what is 
established in the proof. If T = ^2i7.a{x^ +kx) ^ Yiave 

MM MM M M-y 

rp2 ^ ^ ^ ^2i7ra{x^-y^+k{x-y)) ^ ^ ^ ^2i'n-a{x-y){x+y+k) ^ ^ ^ g2i7rQ;u(«+2y+fc) 

x=l y=l 3/=l x=l y=l u=l—y 

M — 1 min{M,M-u) M — 1 min(M,M— ti) 

_ 'y ^ ^ ^ g2j7ra«(u+2j/+fe) ^ ^ ^ | ^ ^ g4i7rau3/ 

u=l — M y=m£tx(l — «,!) u=l — M j/=max(l — u,l) 
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So that in turn 



M M 



fc>0 



x=l y=l 



or 



M Al 



,2i7ra(x —y +k{x—y)) 



,2iiTa{x^ —y'^ +k{x—y)) 



< 49|— + (Mloggr) +glogg|, 



fc>0 



x=l y=l 



Thus 



y^p2»^-^(i/"+fcy)| 



sup 7 e D 



< + ^/m log + V-D' log D' I 

(m<D') < 7{\/D' + 2^/1)' log Z)'} 

Inserting this estimate into (2.35) leads to 

sup sup V2-"C^2-*('^'+'='')-i-Ve2-*(2/^+'=^) -"^^ 

0<j<I?0<fc<m-n I -D . 



<a 



Thereby in view of (2.32), (2.36) 

D-l n 

0<k<m-n I D 



1 /2 



j=0 ft=0 

If now we combine (2.37) with (2.28), we obtain 
Proposition 2.14. 



p{i.|B„ij,„)-1;"^«fl 

k=0 



D 



<a 



<a 



n 



1/2 



(2.36) 



(2.37) 



Remarks. 

1 . It is possible ([S2]) to replace the error term in Proposition 2.14 by a (log-D)^ factor. 

2 . One can bound the diflerence between A((ci, n), ((5, m)) and A(((i, n), (5, m') once m,m' 
are not too close to n. Indeed, one can prove that there exists riQ, such that ii m' > m > 
n + no, then 



\A{{d,n),id,m))-A{{d,n),i6,m')) < c( M^_ ) V2_ 



m — n 



(2.38) 



In view of Lemma 2.3, A((d, n), (5, m)) equals to 



d6 



y ^i^in+^m) ^ogm-n gos" ;r(^ + ^) - COS" ^ COS" ^ | 



l<\h\<S/2 
l<\j\<d/2 
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So that for n < m < m', 



.((d,n), iS,m)) - A{{d,n), i6,m')) = ^ { cos^A^ + ^) - cos" ^ cos" ^} 



l<\h\<S/2 
l<\j\<d/2 



h 



X e'^'S" I e"'^"' cos™-" tt- - e""^™ cos"" "" 



TT- 



Then 



A((d,n),(,5,m))-A((d,n),(,5,m')) <^ E 



,m-n _ giTT^ (m'-m) cos™'"" TT-^ ' 



COS TT- 



l<|h|<i/2 
l<|j|<(i/2 



(2.39) 

In view of (2.13) and Case I of the proof of Theorem 2.4, if ^ G iL-n^ then | cos ^| < 
cos (pm-n- And so, for some no sufficiently large, and m — n > no, 



|cos^r'-"< |cos^r-"<cos™-"¥'m-n = e-^^'"-")'''^'^'^"'-"/2) < (m-n)"^'. 



Hence, 



2 

dd 



E 



i<bl<| , i<l'«l<| 

o m — n 



h 
'6 



<- y (I 



cos 



"'-"tt^I + |cos"^'-"7r^|) <4(m-n)-^'. 



i<|j|<f ,i<i'»i<^ 

a m — n 



Further 



d5 



E 



h h 
cos"*"" TT ^i-r^iim'-m) t^^^m' -n 

5 



- d 



COS"- ■"TT- 



< 



i<i.ji<-^ 
i<ihi<i 

Tr fa c r 

^ m — n 



i<i3i<# 

^ m — Ti 



m — n 



since ^ G -?^m-n means < S-Kipm-n- We therefore get 



A((d, n), {S, m)) - A((d, n), {S, m')) < ^(M!!^) 



m — n 



as claimed. 



It remains to compute pk{D). The lemma below is a classical tool. For the sake of com- 
pleteness, we give a detailed proof. 

Lemma 2.15. Let f E Z{X) andputpf{d) = #{0 < y < d : d\f{y)}. Thenpf is a multiplicative 
function. 

Proof. Write f{x) = oq + aix + . . . + o„x", aj G Z, < j < n. Let d = did2 with (di, 1^2) = 1- 
We first establish pf{di)pf{d2) < Pf{d). Let (2/1,^2) be such that < yj < di, di\f{yi), i = 1,2. 
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There exists a unique integer y, < y < d such that y = ?/j mod(c/j), i = 1,2. Now, on writing 

y = yi+ idi 

f{y) = ao + aiivi + edi) + ... + o„(yi + ^di)" = oq + (aiyi + di^i) + . . . + (a„y^ + 

= /(yi)+a!ii^, 

where Ai, . . . , A^, F are integers. Thus Similarly d2|/(y)! c^nd so d\f{y). Now let 

(2/1)2/2) be such that < y[ < di, di\f{y!j^), i = 1,2, and let y' be the corresponding unique 
integer such that < y' < d, y' = y^mod(dj), i = 1,2, and so d\f{y'). We have to prove the 
implication y = y' ^ (2/1,2/2) = (2/1 > 2/2)- -^^^ as y = y' , we have 

y = yi+idi = y2 + kd2 = y[ + £'di = 2/2 + ^'t^2- 

And so yi — y[ = {£' — £)di. Since < yi,y[ < di, this implies yi = y[- Similarly y2 = y'2, so 

that (yi,y2) = {y'i,y2)- Therefore pf{di)pf{d2) < pf{d). 

Conversely, let < y < d be such that d\f{y). Let 2/1)2/2; < < dj be such that 
yi = ym.o6.{di), i = 1,2. Then, in the same fashion 

f{yi) = ao + ai(y + Idi) + ... + an{y + ^di)" = ao + {aiy + diBi) + ... + {any"" + diBn) 
= f{y) + d^G. 

And so di\f{yi); similarly d2\f{y2)- Let < y' < d be such that d\f{y'), and let {y'i,y2) be the 
corresponding pair of integers. Here again, we must prove the implication (2/1,2/2) = (2/152/2) ^ 
y = y'. Write yi=y + Mi, y[ = y' + i'di. If 2/1 = 2/'i, then y - y' = {f - £)di so that (ii|2/ - y' . 
Similarly 2/2 = 2/2 implies (i2|2/ ~ ?/'• Thus d\y — y' . As < y,y' < d this implies that y = y' . 
Hence the implication (2/1,2/2) = (2/'i! 2/2) =^ 2/ = 2/'- we deduce Pf{d) < pf{di)pf{d2). The 
proof is complete. ■ 



Proposition 2.16. We have 
Pk{D) = 



nl i'p(O) I 
pL^J ifA; = 0, 



n (2^^"-«)- n ^'^'^^ if^^i- 



Vp{k)<Vp{D)/2 Vp(k)>Vp{D)/2 

In particular, if D is squarefree, then po{D) = 1. 

Proof. Let us first consider the case: 1 < < m — n, which is the main case. In view of Lemma 
2.15, it suffices to compute Pk{p'^)- Make a first observation: 

Pfe(p^) = 2, r=l,2,... ifpj(k. 

Indeed, if {y,p) = 1, then p'^\y + k and there is only one solution given hy y = —km.od{p^). 
If 2/ = p^Y, {Y,p) = 1, 1 < s < r, then p^\y{y + k) <^ + k). And so p\k, which was 

excluded. There is thus no solution of this kind. Finally, it remains one extra solution y = p^ . 
Thus pkijf) = 2. 

We thus concentrate on the case p\k. We can range the solutions y of the equation p^\y{y+k) 
in disjoint classes of type y = p^Y, with {Y,p) = 1. When r = 1,2 or 3, there is a direct 
computation and one find 

1 if r = 1, 

p if r = 2, 



Pk{pl = < 



2p if r = 3, Vp{k) = 1. ^^-^^^ 
p if r = 3, Vp{k) > 2. 
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Suppose now that r > 4 and put 



We have Pk{p^) = #{l < y < P^ '■ P^\y{y + fc)}- If {y,p) = 1, then p^\y{y + k) 4^ p'^\y + k and 
so which is excluded and there is no solution of this type. Apart from the trivial solution 
y = , the other possible solutions are of type y = p^Y, {Y,p) = 1, 1 < s < r; and we shall 
distinguish three cases: 

i) r' < s < r, n) s = r', in) 1 < s < r'. 

i) Since r' < s < r, then r/2 < s, and so 1 < r — s < s. Further p'^\y{y+k) means p^~'^\Y (p^Y +k) 
or + k, which is possible if and only if p^~^\k, namely r — s < Vp{k). Thus 

max(r' + 1, r — Vp{k)) < s < r. 

We have Y < p^~^, (Y,p^~'^) = 1. Their number is 4'{p^~^) where (f) is Euler's function, and 
since (t>{p'^~^) = — the corresponding number of solutions is 

p^-^{i--) = {!--) 
^-^ p p ^-^ 

max(r'+l,i — fp(fc))<s<) — 1 l<u<(r— r' — l)Ai)p(fe) ^„ 



pii 1(1 - -) = pl^i^Mk) _ I 

p — I p 



ii) We consider solutions of type y = p^ Y, (Y,p) = 1. 

— If r is odd, r = 2r' + 1, then p^"^ '^^\p^ Yijf Y + k) means p"^' '^^\{p'^ Y + k). So p^ \k and 
thereby Vp{k) > r' . If Vp{k) < r', there is thus no solution. If Vp{k) > r', this implies that p\Y 
which is impossible and there is again no solution. 

The remainding case Vp(k) = r' will be the only one providing solutions. Write k = p^ K, 
{K,p) = 1, then p\Y + K. Since {K,p) = 1, the solutions are the numbers Y such that 1 < ^ < 
p'^ +^ and Y = —K mod(p). Let 1 < k < p be such that K = /« mod(p). The number of solutions 
is 

#{y < p'^'+i : Y = -Kmod{p)} = - k) + : < j < p'"'} = p'"'. (2.42) 

— If r is even, r = 2r', then p'^^ \p^ Y{p^ Y + k) reduces to p*" \{p'^ Y + /c), so p*" \k. If 
Vp{k) < r', there is no solution. If Vp{k) > r', write k = p^ K, {K,p) = 1, this is always realized 
and the number of solutions is 

#{Y < p"' ■■ {y,p) = 1} = <t^{p'') = - 

in) We consider the last type of solutions: y = p^Y, {Y,p) = 1, 1 < s < r' . Notice first, since 
s < r' that s < r/2, and so r — s > r/2 > s. As p^\y{y + k) means p'^~^\Yp^ + k, we deduce 
that p^\k, namely s < Vp{k). If Vp{k) < s, there is no solution. If Vp{k) > s, then p\Y which is 
impossible. 

If s = Vp{k), which requires Vp{k) < r', write k = p'"p(^'>K, {K,p) = 1. Then we get the 
equation p'^-'^'"p('^)\Y + K, so Y = —K mod{p'^~'^'"p'^'^^). Notice that if y is a solution, then 
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{Y,p) = 1, since {K,p) = 1. Let 1 < k < p'-'^Mk) be such that K = Kmod(p'"-2''p('=)). The 
number of solutions is 

#{Y < p^-^'rik) , Y = -iirmod(p^-2^^' = - k) + jy-^'^pC^) :0 < j < p'"^^''^ 

(2.43) 

Summarizing the case r > 4, if r is odd, r = 2r' + 1 
And if r is even, r = 2r' 

p it Up(«;J > r . 

This remains true if r = 1,2,3. Observe that {vp{k) < r', r even) or {vp(k) < r' , r odd) are 
equivalent to Vp{k) < |. Therefore, for r > 2 

p ifp/fc, 

= < 2p-pW ift;p(A;)<§, (2.46) 

[pLiJ ifi;p(A;)>§. 

Consequently 

Pfc(D)=npfc(p"''^''^)= n (2p"''^'^)- n f^^"^^- (2-47) 

p\D Vp{k)<Vp{D)/2 Vp{k)>Vp{D)/2 

Finally, consider the case A; = 0, namely Po{p^) = ^ y ^ ■ P^\y^}- Notice that 

Poip) = #{l ^ y ^ P ■ p\y} = 1- Let r > 1, and write y = p'^Y, {Y,p) = 1 and 1 < s < r. If 
s = r, there is the trivial unique solution y = p^. If 1 < s < r, p^ly"^ =^ 2s > r, in which case, 
the number of solutions is 

< P"^-' ■■ {Y,P) = 1} = <P{p''-l = p'^-'il - ^). (2.48) 
Consequently po(p'') = 1 + J2r/2<s<rP'~''(^ - ^) ■ If is even, r = 2r' 

poipn = 1 + j^P^il --) = 1 +p - -) = ^+P(^^) = P'''^ 

t^i P t^o P \p-lJ P 

whereas if r is odd, r = 2r' + 1, Po{p^) = 1 + ^^r^=iP'^{^ ~ p) ~ P^ ■ Thus 

Poip'') =p'-iJ. 

It follows that 



nl Vp(D) I 
pL^J. (2.49) 

p\D 



The proof is now complete. 
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We deduce 

Corollary 2.17. We have for any positive integer D and any integer k, 

Pk{D)<2'-^''\kA^/D), Po{D)<VD. 

Proof. Immediate. 

Corollary 2.18. We have for any positive integers n, m and D, 

P{D\BnB^} < — + ^- ^ + Ce 



Further, for any e > 0, there exists a constant depending on e only, such that 

P{d\Bn , S\B^} < C{m - n)—— + ^^^^ ■ 

do ^Jn 

Proof By Corollary 2.17 

Cj-n PkjD) _ PojD) C^-n PkjP) ^ 1 C^-n 2"(^)A: 

Om-n n 2™-"Z) 2"*"" D ~ Om-n^/n ^ Om-n n 

fc=0 k=l ^ k=l 

< ^ H -■ 

2™-"-/D D 

On using Proposition 2.19, we get 
I>W\B B X ^'^S^ C'rn-n Pu{D) ( D'^^V'\ 1 2-(^\m - u) D^^^ 

F{D\BnBm} < 2. + Ce J < ^^^^Z^;^ + ^ + ^^^^ 

fc=0 



For proving the second estimate, notice first that P{c/|S„ , (5|-B„} > only ii m — n > {d,S), 
since P{d\Bn,6\Bm} < P{d|5„}P{(d, Now 

F{d\Bn , S\Bm} = P{d|5„ , 6\B^ ,Brr,-B^ = 0} + P{d|5„ , <5|5„ , - S„ > 0} 
< P{d|5„ , 6\Br,} + P{d6\{Bl + - B^-B^> 0} 

fc=l j=0 ^1=0 

By (1.15), P{[d,S]\Br,} < C([^ + ^)< + ^). And by using (2.37) and Corollary 

2.17 



2n2m-n ^" dS Z^^"'' ' ^ ^ 2™"" ^ dS 

k=l j=0 h=0 ^ k=l 

^ (d<5)(i+^)/2 1 "2-W(A:AVd5) „ (d<5)(i+^)/2 2-('^'5) 

/e=l 



Therefore 



ad Of) vn 

<C(m-n)^ + c /^'V • 
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Proof of Proposition 2.10. It suffices now to put together Propositions 2.14, 2.16 and Corollary 
2.18. ■ 



We conclude this section by indicating another correlation estimate controlling the difference 
between A((c/, n), {S, m)) and A(((i, n), {S, m') once m, m' are not too close to n. 

Proposition 2.19. For some no sufficiently large, and m' > m> n + uq, 

A{{d,n),{S,m))-A{{d,n),{S,m'))\ < g ( V ^' • 



Proof. In view of (2.12) 
1 



A{{d,n),{S,m)) = 5^ e'"0+-^'")cos'"-"7r|{cos"7r(^ + |)-cos"^cos"^} 



l<\h\<S/2 
l<\j\<d/2 



So that for n < m < m', 



A((d, n), {S, m)) - A((d, n), (<5, m')) = ^ { cos" 7r(^ + ^) - cos" ^ cos" ^} 



l<|fl|<<5/2 
l<|j|<d/2 







Then we may bound this difference as follows: 
A{{d,n),{5,m))-A{{d,n),{6,m')) < ^ Yl 



l<\h\<5/2 
l<\j\<d/2 



h 
'6 



cos"*-" TT^ - e'^T cos"*'-" TT 



In view of (2.13) and Case I of the proof of Proposition 2.1, if ^ G I'm-w ^lien | cos ^| < 
cos^^m-n- And so, for some no sufficiently large, and m — n > uq, 



COS < I cos ^r-" < cos™-" 





-2(m-n)s^n^iVm.-r^/^2) ^ {m — n)~^' . 



Hence 
2 

d5 



gm-n^:^_gi7rf(m'-m)gQgm'-n _ 

() 



h 



^<\3\<i 
i<i'>i<4 



<— V (|cos"*-"7r-| + |cos"*'-"7r-|) < 4(m-n) 



-/3' 



i<lil<* 

1<I''I<7 



Further 

- E 

i<|h|<| 

^ m — Ti 



COS 



"*-"7r- -e*''^(™'-™)cos"''-"7r- <— V 1< C( 



log(m - n)^ 1/2 



I<l3l<# 
l<l'«l<i 

TT At fz T 



m — n 



since ^ G -fm-n means h < Sniprn-n- We therefore get 



A{{d, n), (<5, m)) - A((d, n), (5, m')) < c(i^^(rr^^ 1/2^ 



m — n 



as claimed. 
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3. Increments of sums of divisors of Bernoulli sums. 

Let < ^ < 1/6. Put for any positive integer n 

= H^(v, e)= (I'ii^n - PH^n}) ■ 

d<n»,deT> 

Let also an increasing sequence M satisfying the growth condition Qp for some p > 0. Let > 
and put 

In this section we establish the following result. 

Theorem 3.1. a) For any e > 0, there exist constants Ce and is, such that for every i and j 
with min(i, j — i) > is, 

E( Y H^f<Ce 
b) There exist constants rjo > 0, C < oo such that for r] < ijq and j > i 

E{Y Hnf<C Y (log")'- 

Proof. We rewrite E (X]j<n<i ^n)^ as follows 

E( Y ^nf = Y + 2 Y E ^H^H^:=A + 2B. (3.1) 

i<n<j i^n<j i^n<j n<m<j 

For the other increment E (X]i<n<j ^n)^ we operate identically. Let < c < 1/5 and choose 
H = 4c. We split the sum B into two subsums as follows: 

^= E E E Mid,n),{6,m)) = Y E E A((d, n), (<5, m)) 

i<n<jn<m< j d<n^ ,s<m^ i<n<j n<m<n+n^ d<nf> ,s<m^ 

+ E E E Mid,n),{6,m)) ^.= B^+B2. 

i<n<jn+n^<m<j d<n^ ,s<m^ 

d,SeT> 

(3.2) 

The sum Bi is really typical from the "small increments" case. And we will see that this 
sum, which will be examined by means of Proposition 2.10, produces the strongest contribution. 
Concerning the sum B2, let 5i > 2 arbitrary but fixed. By Propositions 2.5 and 2.9, we know 
that there exist constants no, C such that for any n > no, 

r (g^( i°g(m-n) u/c ifn + n^<m<2n, 

sup I A(((i, n), ((5, m)j I < < 
■^<^^ I Cn(l2|Ii)i/2c(i2fc!i))i/2 if^>2n. 

^ 5iv^ V log^ 

(3.3) 
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i<n<j n+n^ <m<j d< 2!-_^/Z^II 

5i v« V log n 



(1) Estimating the sum B2. We claim that 

H E A{{d,n),{S,m))<C{j-i). (3.4) 

- If J < 2z, using (3.3) we get 
EE E n(i^^^^)Vc<C ^ n--A(logn)V- ^ 1 

i^n-Cj n+n^ <m<i d< — /, ^ n+n^<m<7 

<C(j-i) n-2logi/'=-2n<C(j-i). 

i<n<j 

- And if j > 2i, 

V V V ^/l0g"Nl/2c/ l0g(^-^) Nl/2 

^ , ^ n ^ m-n ' 

i<n<j niin(2n,j)<m<j d< ^ , / " 



<C y n3/2-V2cn )l/2c-l/2 y ^JJ!_y/2M]J!:^l/2 



i<n<j rain{2n,j)<m<j 
n>l min(2n,j)<m<j 

since c < 1/5. 

Remark. — Let < 6* < 1/2. It also follows from (3.4) that 

E E E Mid,n),{6,m))<CeU-z). (3.5a) 

i<n<jn+n^<m<j d<n^ ,5<m^ 

— Let J\f be an increasing sequence of integers. It also follows trivially from (3.4) that 

J2 J2 E A((d,n),(<5,m))<C ^ L (3.56) 

TT 



i<n<j n + n^ <m<j ^ ^ / n i<n<j 



(2) Estimating the sum Bi. Let h > he some small number. By Proposition 2.10, 

do ^Jn 

Thus 



^1= E E A((a!,n),(5,m)) < P{d|i?„,5|5^} 

^<'^<J d<n^ ,5<m^ i<n<j d<n^ ,6<m^ 

< 5: E (c(™-„)V+c^^)-^;+^?- 
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For the sum we have since 9 < 1/6 



i<n<j n<m<n+n^ d<n^ ,S<m^ i<n<j 
d,Se'D 

if £, c, (i? = 4c) are small enough, which we do assume. For the sum B\, we have 

E -dT-'^ E #{d<n',5<m' ■.D = d5]-^ (3.8) 

d,Se'D 

But D = d5 occurs, given d, only for one choice of 5: S = D/d. Further, the number of possible d 
cannot exceed the number of divisors of D: d{D). Thus i^{d < nP , S < : D = dj} < i^{d, 5 : 
D = d5} < d{D). And it is well-known that d{N) = ©^(iV^). Thereby d{D) = Oe{D^), for D 
large, say D > A^. And so, if D > Ac 

d{D) < CcD^ < Ccu". 

Obviously 

2w(-D) 2'^(^) 
^ #{d<n\6<m' -.0 = dS] ■ < ^ d{D) ■ < K{A,), 

whereas 

2^(13) 2'^(^) 
^ #{d<n^5<m^L> = d,5}•-^<an^ J2 

Ao<C<(nm)9 £)<2n2» 

Put for a while F{x) = X]a;<x ^^'^ recall ([T] p. 60 Exercise 5) that 

= 8^^^^°^^)' + O(xlogx), Co = + ^(^)- 
Using Abel summation, we deduce that 

2<D<N j=2 -^VJ I y 

Hence 

'2w{d6) nu;{D) 

E E -^<C0{lognmf. (3.10) 

d,SeTi 

Summarizing, for n large 

oi V- V- V- 2'^(<^^)(m-n) ^ ^ c V- / Nn n3 

^1= E E E ^ -<Ce,c 2^ 2^ {m-n){\ognmf 

i<n<j n<m<n-\-n^ d<n^ ,s<m^ i<n<j n<m<n+n^ 

d,S^-D 

<C,,e E ™'(l°g2n2)' E (^-n) <Ce,c ^ n2^+^(log2n2)3. 

i<n<j n<m<n+n" i<n<j 

(3.11) 
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(l+e)/2 



Thereby for n large 

T> ^ \ ^ ._12c 

(3.12) 



i<n<j 

(3) Estimating the sum A. Now we turn to the sum A = Ei?^, and begin with 

EHl= P{[d,S]\Bn} -P{d\Bn}P{S\Bn}. 

In view of (1.16) 



\p{u\B^}--\<C{-)<Cn-^^-'\ 



sup 

ue-n ' " ■ ' u' n' 



so that 

P{[d,6]\B^} - P{d\Br,}P{6\Br,} - (p^ - ^)| < Cn-^'-'''^- (3-13) 

This estimate is efficient only if ~ ^ is small. If d, S are coprimes the latter quantity vanishes 

and (3.13) makes sense. Otherwise the correct order of — ^ is given by and is for 9 

small, much bigger than n~^^~'^^\ And then, one has advantage to use the simple bound (see 
(1.19)) 

\P{[d,5]\B„} -P{d\B„}P{5\Br,}\ < (3.14) 

According to Eq. 18.2.1 p.263 of [HW] and Eq. (B) p.81 of [R] (see [Wi] for a proof) we recall 
that En=i^'W ~ (i^)log'iV. Thus 

0<Ei?^<2^-l-<C^^< Clog^n, (3.15) 



d,S<nO 



where we used Abel summation for obtaining the last inequality. Thereby, 

^ = ^Ei?^<Cj]log^n. (3.16) 



Combining (3.5), (3.11) with (3.18) shows that there exists a constant C depending on c, such 
that for i large enough, say i>ic, 

Now we estimate the other increment. The major difference in comparison with the above 
lies in the fact that the sum B^ disappears, once Ac < p which we do assume. We start similarly 
to (3.1) with 



E 



i<Ti<j ^^'"■^J i'^iT-'^j ■n.<m<j 

^eM neM neM meAT 



34 



where 

E E E Mid,n),{S,m))= E E A((d,n),(5,m)). 



log n 



d,6e'D d,SeT> 

If r] < Sl^/a, by (3.5b) we get 

5'<C 1. (3.18) 

And in a same fashion as for getting (3.16) 

A' <C log^n. (3.19) 

Finahy 

E( i?„)'<C ^ log^n. (3.20) 

The proof is now complete. ■ 

4. Growth of sums of divisors of Bernoulli sums. 

In this section, we prove the main results of the paper. We begin with recalling a useful conver- 
gence result of Gal-Koksma type. 

Lemma 4.1. ([We5], Corollary 1.5) Let the random variables ^ = {^j, i>l} satisfy the following 
assumption: 

E|Ee€|'<E^^' (^^•?') (4-1) 

where {me,i > 1} is a sequence of non negative reals such that the series 'YlT=i'^(- diverges. Put 
Mn = Yl^=i ^i- Assume that 

log^ =0(logM„). (4.2) 

rUn 

Then for any t > 1, 

E =■ (mV^ (log(l + M„)) '^'") (4.3) 

l<t<n 

Proof of Theorem 1.1. By Theorem 3.1, for any e > and z, j such that min(i, j — i) is large 
enough 

Thus condition (4.1) is fulfilled with = Further condition (4.2) trivially holds. We also 
notice that 

Ti TL TL TL 

M^(n) = 5^Ed^(Bfe) = 5^5;P{d|5,}>c5^^ i>C5; Y \ 

k=l k=l k=l ^^e^ k=\d^/^\ 

d<k^ d<k^ d<kO 

dei> deT> deT) 

d<n9 d<(n/2)e d<(n/2)« 

Thus Theorem 1.1 is now a direct consequence of Lemma 4.1. ■ 
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Proof of Theorem 1.2. By theorem 3.1, there exist constants r/o > 0, C < oo such that for ri < rjo 
and j > i 

E( Yl H.S<C E {logi^k)'. 

Put Mj = J2e<j'^£j — log^^^- Condition (4.2) of Lemma 4.1 is further trivially satisfied. 
Then for any b~> 3/2, 

J 

J2 dv,-D {B.e ) =■ M^,Ar,i> {J) + Oe [m]'^ loi Mj) . (4.4) 



Now by (1.12), N large enough so that there is n G A/" such that \^t^ ^ min{X>} 



d ~ (4.5) 



neM "^''V log" neJ^ 
deT> 

Hence if Af grows at most polynomially, letting N = vj we get 

Mj<J log^ uj < CJ log^ J < Mat,© (J) log^ M^r,© ( J) • (4.6) 
And in this case, for any 6 > 7/2, 
J 

^ di,(S,J Mj^,T,{J) + (il%,i?( J)'/' log' Mv,^,( J)) . (4.7) 
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